mean! ox TOA, " 
4a is Cale ik. 


La 


2) Seea y ' + ) rs | ° i ° ) 
> gravitational zero mass limit of spin-2 particles 


By O. BRULIN and S. Hyatmars 


— 


1. Introduction and summary 


5 Relativistic theories for spin-2 particles have been previously investigated by 
_ several authors e.g. [I, 2, 3, 4, 5, 6]. The present authors [5] have investigated the 
_ spin-2 case, where the components of the wave function of a Dirac equation are 
, the components of a symmetric tensor of second rank and of a vector. This is the 
_ simplest spin-2 case in a Dirac equation formalism, where both the coefficients of the 
_ equation and the infinitesimal operators of the 4-dimensional orthogonal group f, 
_ are obtained from the operators of the 5-dimensional orthogonal group R;. This 
_ general formalism and its spin-2 cases have been treated by various authors, e.g. 
- [7, 3, 6], but in these papers it is assumed that the mass term of the Dirac equation 
_ is effectively a constant times the unit matrix. The present authors, on the contrary, 
' used in [5] the most general mass term, compatible with the covariance of the Dirac 
- equation. This gave rise to a more general rest mass spectrum, containing unique 
rest mass as a special case. 
; However, the most interesting feature of the general mass term is its importance 
_ for the zero mass limit. This is already known from the spin-1 case, [8] and [9] 
p. 68, where such a general mass term -is necessary to obtain Maxwell’s equations 
_ as a limit of the Dirac equation for the vector meson. It is therefore very probable 
_ that a general mass term is also necessary in order to obtain the linearized Hinstein 
_ equations for the gravitational field as a zero mass limit of a Dirac equation for a 
- spin-2 particle. 
In a preliminary communication [10] to the paper [5] the authors mentioned the 
- fact that the investigated simplest spin-2 case has a zero mass limit, where the tensor 
_ satisfies the graviton equations in a special gauge. However, in this case the tensor 
depends upon.the vector in such a way that the tensor has the same structure as 
the arbitrary gauge term, which can be added to the field tensor in the linearized 
theory of gravitation. Consequently, the simplest case of spin-2 cannot give anything 
but a flat metric in the linear approximation. This situation is analogous to the 
simplest case of spin 1, which is the scalar meson, according to the classification [3] 
by means of the highest eigenvalue of the infinitesimal operators of R,. Here the 
wave function contains a field vector, which is the gradient of a field scalar. Such a 
vector has evidently the same form as the arbitrary gauge term, which can be added 
to the field vector in the Maxwell zero mass limit of spin 1. It may thus be conjec- 
tured that the linearized gravitational theory can be obtained as a suitable zero 
mass limit of one or the other of the two higher spin-2 cases. 
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Dirac equation are the components of a 5-dimensional tensor of third rank with one 
antisymmetric index-pair, (3.9), and with vanishing cyclic permutations, (3.8). 
As discussed in Section 3 such a tensor has 40 independent components and is 


irreducible under the affine 5-dimensional group. Now, if the matrix coefficients. 


Bu 4 of a-Dirac equation, (2.32), and the operators q;,;, (2.33), of R, were to be 
deduced from the operators of R, as in [5], the above-mentioned tensor has to be 
made irreducible under R, by imposing further conditions, i.e. the vanishing of the 
contractions of the tensor. This reduces the number of independent components 
to 35, giving one of the spin-2 cases, classified by Bhabha [3] and developed in detail 
by Tsuneto and Fujiwara [6]. é 

However, our investigation has shown that this 35-component Dirac equation, 

even with the most general mass term, is not able to give the graviton equations 
as a zero mass limit. In order to obtain a Dirac equation with this property it has 
proved necessary to construct the matrix coefficients f,, 2 and the operators q;,; 
of R, by means of the operators Q,’, (2.15), of the affine 5-dimensional group. This 
construction is performed in Section 2, starting with the construction of a Dirac 
equation, (2.32), (2.29), (2.16), (2.17), (2.12), covariant under affine 4-dimensional 
transformations. This equation is restricted to R,, (2.34), (2.35). The four £,:s of the 
Dirac equation (2.32) do not in general form an irreducible set. Nevertheless, it is 
proved that the Dirac equation is irreducible, provided that the mass term, A, is of 
sufficiently general form. By the same arguments as in [11] it is proved also 
for the present case that the spin of the particle is given by the highest eigenvalue 
of O1- : 
In Section 3 it is shown that our special wave function y*” is split under R, into 
a tensor of third rank, (3.10), a symmetric and an antisymmetric tensor of second 
rank, (3.12), (3.14), two vectors, (3.16), (3.17), and a scalar, (3.18), all tensors having 
vanishing contractions. 

In Section 4 the matrices f,, (4.3), q1, (4.5), and the metric form f, (4.8), are 
represented by the sub-space method of Klein, used previously in [9,5]. Moreover, 
the most general mass-term A is constructed, (4.14). 

In Section 5 the Dirac equation is written in component form, (5.1)—(5.6). The mass- 
spectrum is deduced, (5.7), and it is shown that unique mass can be obtained in 
several ways. 

The gravitational zero mass limit is discussed in Section 6. It proves necessary to 
make a slight generalization of the Dirac equation, (2.32), to a form, (6.1), where 
the ,:8 are substituted by A f,A, the matrix A, (6.2), being of the same form as the 
mass term A, but Hermitian. 

By putting some of the arbitrary constants in A and 4 equal to zero we can get 
rid of the antisymmetric tensor, (3.14), and one of the vectors, (3.17), as well as of 
the corresponding components of the Dirac equation. By this procedure we obtain 
in fact a 30-component Dirac equation. After a suitable disposition of the remaining 
arbitrary constants the components of this Dirac equation can be identified with the 
linearized Kinstein equations for the gravitational field in empty space and in a 
general gauge. For this identification we have only to assume the symmetrical part 
of 15 proportional to the deviations (6.12), (6.17), of the metric fundamental 
tensor from its normal values and to assume y;,,, proportional to the gravitational 
superpotentials, (6.11), introduced by Freud [13]. 
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_ In the new coordinate system the wave equation (2.1) takes the form 


The most general form of 4 is seen to be any fully contracted expression in He, 


A= GO en. 6 HP ee Os 


From (2.10) and (2.11) we obtain 
[n*, Q,"|=9 ee 
[8x 27") = — 9" 9: 


As (2.12) 


~ The transformation (2.9) thus means that /’ is the same expression as (2.12) but with 
Je, and g*' substituted by gx, and g*". 


(2.13) 
(2.14) 
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We now assume the set of y-components to be Pitteted Ereduebyy under the 
5-dimensional affine group, which means that the operators Q,? wala a set of i ir- 
reducible matrices. Since by (2. a 


> OL, 


102,01 =0, wetath: (2.24) 
Q., must be a multiple & of the unit matrix: 
Q2 =k The (2.25) 
0, =k —». (2.26) 
By contracting (2.20), we obtain 
=={ ln’ O,]+k}. (2.27) 


The equations (2.27) and (2.20) give 
1 
Qi* = [91, n*] + 5 {[7’, 1+ hgh. (2.28) 


pines g,?,1.0..Q,', n, d,, v, form an irreducible set, and Binge Q,,' and y can be expressed 


in 7, 0,, by means of (2.27), (2.28), we can infer that n*, 3, must form an irreducible 
set. . 


Let us introduce the matrices 


Bia + es (2.29) 
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te ourselves. to the orthogonal 4-dimensional group R,, we have 
aa ar ae and Fret = 6, and (2.6) can be written 


: 1 
y sit fll = (14564, Qrs + +) (2.33) 


ee : Ys = 9, —Q,". (2.34) 
- From (2.20) and (2.29) follows 
x | et = [Bus Bul, (2.35) 


_ which is the special dependence of the q,,;:3 upon the f;,:s, adopted e.g. in [7, 3, 6, 5]. 
_ However, the present scheme is more general, since the f,,:s of (2.29) are in most 
_ cases reducible, contrary to the usual assumption for the matrix coefficients of a 
_ relativistic wave equation. As mentioned above, the irreducibility of the equation 
- is secured by a more general type of mass term. 
The expressions for energy and spin densities, given by Bhabha [11], are valid in 
this case too, since the present / also commutes with the operators q,;. The spin is 
a thus here, as in the usual scheme, given by the highest eigenvalue of Fx). 
A special example of the /*:s (2.29) of the affine case is furnished by the authors’ 
4 previous generalization of the Sea matrices to general relativity [12]. By 
4 comparing (2. 29) with (47) of [12] we find the following connection: 


> 


qo wea (2.36) 
anuch &i (2.37) 
_ Moreover it can be proved that 
4 Heeent (2.38) 


_ showing that y can here be expressed by means of the f*:s. This is in agreement with 
the fact that in this special case the 6”:s alone form an irreducible set. 
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3. Properties of the wave function 


In the present spin-2 case the wave function consists of the components of a certain 
5-dimensional tensor of third rank, irreducible under the affine 5-dimensional group. 
Tensors with this property can be obtained from the primitive characteristic units 
of the Frobenius algebra for the symmetric group of permutations on three symbols 
a, B, y. If the units of such a set operate on the indices of an arbitrary tensor 7T',,, 
with D, = 125 components, the tensor is decomposed into irreducible tensors, which 
transform separately under the affine group. 

Sets of primitive characteristic units can be constructed by various procedures 
from the standard Young tableaux 


a 
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One such procedure gives the usual Young tableau units. However, for the present 
purpose, it will be more convenient to use a slightly different but equivalent proce- 
dure, giving units, which split the tensor 7°” in the following irreducible tensors: 


upxby — i (py + Deve 4. pveB 4 pba 4 pay 4 Tovey (3.1) 
arpaPy 4 (rpsby 4. By 4. eB _ pra _ pay _ prey (3.2) 
apeby — 4 (peby 4 qe _ pay _ pba) (3.3) 
apeby eg peee pave pnb ars): (3.4) 


Cp | 
the number of independent components of a completely symmetric tensor of rank 
s in n dimensions gives 1D, = 35 for the tensor 17'*?”, 
Under restriction to the 4-dimensional orthogonal group R, the tensor 17'™*” is 
split into the following six irreducible tensors with vanishing contractions: 


The tensor !7'**” is symmetric in all index pairs. The formula D = (’ wes .) for 
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d tensors are seen to correspond to the representations R,(3,0), R R (2,0), 

30), R,(0,0), R,(0,0) respectively. Consequently the highest eigenvalue 

“7"* js thus a case of spin 3. 
tensor °7'*”” is antisymmetric in all index pairs and the number of independent 
nents is thus the same as the number of independent antisymmetric combina- 
tions of the remaining 2 indices, i.e. 7D; = 10. 
_ Under restriction to R, 77’ is split i mite Uhiettonsork? 27, and °7,;, with 6 and 4 
eases 2 ae and corresponding to R,(1,1) and £,(1,0) respectively. 
27” thus corresponds to a case of spin 1. 
The two tensors 37” and 47°” have both vanishing sum of cyclic permutations 
and are moreover antisymmetric in one index pair, 37°” in By and 47°’ in ay. 
Since they correspond to equivalent representations, they have the same number 
of independent components, ?D,=4D,; = 4(D,; —1D;—2D;) =40. This number can 
_ also be checked in the folowing: way. "The number of independent combinations of 
' the antisymmetric index pair is 10. Every such combination can be combined 
_ with each of the 5 values of the remaining index, giving 50 components. The sum of 
_ the cyclic permutations of a tensor with an antisymmetric index pair is a completely 
- antisymmetric tensor, having 10 components, and these put equal to zero give 10 

_ extra conditions. The number of independent components is thus 50 — 10 = 40, as 
_ above. 

As will be seen below the equivalent tensors 37%"? and 47%” correspond to a 
_ certain case of spin 2, and we will choose 


: ed — 3paBy (3.7) 


j as the wave function of the spin-2 case to be investigated in this paper. As mentioned 


_ above, we have 
prey ay Pre a yr =0, (3.8) 


pra — yr. (3.9) 


Under restriction to R, the wave function y*”’ is split in the following seven irre- 


- ducible tensors: 
A) A tensor’of third rank, 


Agim = Pram — & (Wr'm Ox + Wr" Oxm)s (3.10) 
satisfying (3.8), (3.9) and 
A= As, = Ap, = 9. (3.11) 
This tensor has “d, = 16 independent components, corresponding to R,(2,1). 
B) A Siete tensor of second rank and vanishing contraction, 
Bur =} (Pras + Wis) ee ty, 5 Oxls (3.12) 
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In ithe following we will consider the independent A, B, CTS - F-components 
as the independent components of the wave function y. = 

Any component of yg, can be expressed in the tensors wide Bury Cer, Des Exes F 
by means of (3.16)-(3.18) and the following formulae: 


Vrim = Agim + $(DmOx1 — Di Siem); (3.19) 
s Pais = Bur + Cyy + $F Oy, (3.20) 
Ysim = — 2C im (3.21) 


4. Representation of the matrices 


Following a procedure, analogous to that in Section 2 of [5], we identify the 
transformation (2.6) in 5 dimensions with the affine transformation in 5 dimensions 
of a tensor of third rank: 


pr +e (Qe p)%*” = py? + et pr + 66 yr” + eF rho, (4.1) 
From (4.1) follows: 
(Qs? p)7P? = g Fy” + geP 2? + ge? pre, (4.2) 


Now, restricting ourselves to R,, we obtain by (2. 16), (2.17), (2.18), (2.29), (2.34) 
and (4.2): 
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(Br P)apy = % (Ora Popy + Ore Pasy + Ory Paps — 
— 552 Prfy — O5p'Pary — O5y Papr)s z (4.3) 
(VP) aby = 05a Pspy + O56 Pasy + Osy Pups. (4.4) 


(9rs W) apy = Ore Wspy “ Org Wasy a Ory Paps — 


— Osa Pray — O58 Pary — Osy Papr- (4.5) 


_ Since the 40 x 40-rowed matrices ;,, » form an irreducible set, any 40 x 40-rowed 
_ Inatrix can be expressed as a polynomial f(f,, v) in the £,:s and ». 
___ In the following the result f(f,,, v)y of the operation on wy by an operator f(Bres ¥) 
is obtained in calculating the components [f(f,,1)p].g, by repeated use of (4.3) 
and (4.4). Since, in the end, we are interested in the A, B, O, D, E, F-components 
_ of 7 (6;, »)p, we form these components from [f(f;,, v)p]as, by the procedure, indicated 
__by (3.10), (3.12), (3.14), (3.16), (3.17) and (3.18). In the result all components p,g, of 
_ the original wave function y are also expressed in the original A, B, CO, D, E, F- 
_ components by means of (3.16), (3.17), (3.18), (3.19), (3.20), (3.21). 
_ Of course we could also, as in [5], construct explicit expressions for the matrix 
elements of f,,, v, q,:, using the special properties (3.8) and (3.9) of the wave function 
~ Wapy. We will not perform this procedure here, since, for the purpose of the present 
paper, we have no need for a detailed knowledge of the special algebra of the matrices. 
Since the matrices qg,, form a reducible representation of R,, composed by R,(2,1), 
R,(2,0), #,(1,1), R,(1,0) and #,(0,0), they have the eigenvalues 0,+1, +2. Thus 
_ they satisfy the minimal equation 


dir + 5 qin +441 = 0. (4.6) 
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As a consequence of (2.35) and (4.6) the £,:s satisfy the general algebra of spin-2 
matrices, given by Madhava Rao [4]. Moreover, the metric form 


B =4$(26¢ — 86% + 8), (4.7) 


given by the authors [5] for the simplest spin-2 case is also valid in the present case. 
In fact, B is a satisfactory metric form, if it satisfies (3.5)-(3.8) of [5]. In proving 
(3.5)-(3.7) of [5] it is only necessary to use the general spin-2 algebra of Madhava 
Rao, satisfied also in the present case. The validity of (3.8) of [5] will be proved below 
in connection with the discussion of the A-term. From (4.3) and (4.7) we obtain: 


Papy = (W* B)aby = + papy, (4.8) 


where the minus sign is to be chosen, if and only if an odd number of the indices 
a, B, y are 4 or 5. The matrix f is thus diagonal in the A, B, C, D, E, F-components. 

According to the conclusion stated after (2.32) any admissible A can be written in 
the fully contracted form: 


he Sth. BE ke vad 1B 2. BRB wba BP (4.9) 


Furthermore, it can be deduced from (4.4) that y is diagonal in the A, B, C, D, E, F- 
components. Consequently: 
[», B] =0. (4.10) 
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tie. 
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Here the projection operators @®y are defined by the independent 4, B, C, D, E, (ote 
components of the resulting wave functions wy y in the following way: 


( - = 
Micomprvetel aes corresponding N-component of Y; if M= oe (4.15) 
~ (0, if M+N 
Moreover, the operators wp, and wzp are defined by 
D,-comp. of w =0 
ee we te (4.16) 
E,,-comp. of WMrepy = Dy, 
D,-comp. of wpry = EF 
Kk DEY k |, (4.17) 
E,,-comp. of wpzy =0 
all A, B, C, F-components being zero. We have: 
Opp = eds. (4.18) 


5. The wave equation in component form 


Inserting (4.3), (4.14), (4.15), (4. Hh (4.17) in (2.32) and using the procedure of 
Section 4, we obtain the A, B, OC, D, E, F-components of the wave equation: 


On Bu a 1 Bion ay 3 (0, ty Ona > Oy B Oxm) + Oy Cr = 2; Cun = 2 On Cim + 
oe Os Cm Ont — Oy C1 Onm = =O, Axim) (5.1) 
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- (0,8 — x3) (0, 8" — x3) y=0, (5.7) 


and Hy are the roots of the equation 
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- The scheme gives evidently a wide possibility of varying the ratios between the 
_ five mass eigenvalues of (5.7). As a special case unique mass is obtained by putting 
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we obtain from (5.4) and (5.5): 
af 40,(B", - 30";) or xp (D,, +3 £E;,), 
0,F = txp (D;, aoe E,,). 


The system of equations (5.1)-(5.6) is thus reduced into two independent systems, 
(5.1), (5.2), (5.3), (5.21) and (5.6), (5.22), each system containg only one independent 
vector, viz. D,+3£H,, and D,— EH, respectively. The systems contain 35 and 5 
independent components corresponding to the cases R,(2,1) and R,(1,0) in the for- 
malism of Bhabha [3]. However, they are somewhat more general than the corre- 
sponding case of Bhabha. In fact, Bhabha assumes the mass term to be a constant 
times the unit matrix, whereas we have chosen the mass term as general as possible. 
If we make Bhabha’s assumption, i.e. put 


44 = Ags Ag =Up = Xp Hp =H, (5.23) 
all components of the wave function are seen to satisfy 


2 
(0, 8" — 2) ( ac “\y =o" (5.24) - 


as is required by the Bhabha scheme. 


6. The gravitational zero mass limit 


Before discussing the zero mass limit, we have to make a slight generalization of 
the Dirac equation (2.32) in the following way: 


[(AB*A) p, — Alp = 0, (6.1) 
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t the end of Section 5 and a following se 


ct, kp = 0 means the vanishing of the left hand side of (5.6) and the disappearance 
from (5.4) and (5.5). From (5.4) and (5.5) then follows 


. D, = E, (6.5) 
a nd from (5.6): 
: F=0. (6.6) 


" (3.16), (3.17), (3.18), (6.5) and (6.6) then give 
2 ye? =0, (6.7) 


which is the condition to be imposed on the affine tensor y*’” in order to obtain the 
= case #,(2,1). 

In order to obtain Einsteins linearized equations for the gravitational field we have 
to make another choice of the arbitrary constants, viz. 


3 ko=Ig=kpp=0, (6.8) 
4 ta= 2, xD males (6.9) 
5 4p = Uo = Ap =Hp=—UXpe=O0. (6.10) 


The choice (6.8), (6.10) means that the equations (5.3) and (5.5) disappear and 
that the antisymmetric tensor C;,, and the vector H,, disappear from the remaining 
equations (5.1), (5.2), (5.4), (5.6). By this procedure only 30 independent components 
remain, so that the matrices of the Dirac equation are now as a matter of fact 


_ 30 < 30-rowed. “Tas 
In order to obtain connexion with the linearized theory of gravitation we introduce 


p the following fields: 
: Vik Aa Das DO)» (6.11) 
Ir = 4 (Wnts + Yes) = Bar + 4 Fou. (6.12) 

oil 


The equation (6.16) now gives the linearized Einstein equations: for 
field in a general gauge 


or 
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